ヘッケ クリフォードカン ト $D_l^{(2)}$ガタ カシワラ ケッショウ コウゾウ ダイスウテキ クミアワセロン オヨビ カンレン スル グン ト ダイスウ by 土岡, 俊介
Titleヘッケ・クリフォード環と$D_l^{(2)}$型柏原結晶構造(代数的組合せ論および関連する群と代数)
Author(s)土岡, 俊介








(Hecke-Clifford superalgebras and crystals of type $D_{l}^{(2)}$ )
(Shunsuke Tsuchioka)* \dagger






“ ” “ ”
James $\lambda\vdash n$
$\mathbb{Z}$- $\mathbb{Z}\mathfrak{S}_{n}$- Specht $S^{\lambda}$ $\mathfrak{S}_{n}$-
$\{$ , $\}\lambda$ ( [Jam, JK]
$)$ $\mathbb{F}$ $S_{F}^{\lambda}=\mathbb{F}\otimes_{\mathbb{Z}}S^{\lambda}$ $S_{F}^{\lambda}$ $\mathfrak{S}_{n^{-}}$
$\langle,$ $\rangle_{\lambda,F}$ $D_{F}^{\lambda}=S_{F}^{\lambda}$ ’Rad $(\langle, \rangle_{\lambda,F})$
$lrr$ ( $\mathbb{Q}\mathfrak{S}_{n}$-mod) $=\{S_{\mathbb{Q}}^{\lambda}=D_{\mathbb{Q}}^{\lambda}|\lambda\vdash n\}$ , lrr( $\mathbb{F}_{p}\mathfrak{S}_{n}$-mod) $=$ { $D_{F_{p}}^{\lambda}|\lambda\vdash n$ CS p-regular}




[M\"ul] 2000 2- $\{\mathfrak{S}_{n}\}_{n=0}^{17}$
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1 $\sim$ $[$Kac, Kas$]$
1687 2010 38-49 38
2 Kleshchev
$\mathbb{F}_{p}\mathfrak{S}_{n}$- $M$ ${\rm Res}_{F_{p}\mathfrak{S}_{n-1}}^{\mathbb{F}_{p}\mathfrak{S}_{n}}M$ “ ” $\dim M$
${\rm Res}_{F_{p}\mathfrak{S}_{n-1}}^{F_{p}\mathfrak{S}_{n}}M$
$V={\rm Res}_{F_{2}\mathfrak{S}_{7}}^{\mathbb{F}_{2}\mathfrak{S}_{8}}D_{F_{2}}^{(5,2,1)}$ socle series
$W_{1}:=Soc(V)\cong D_{F_{2}}^{(5,2)}$ ,
$W_{2}:=$ Soc $(VW_{1})\cong D_{F_{2}}^{(5,2)}\oplus D_{\mathbb{F}_{2}}^{(7)}$ ,
$W_{3}:=Soc((V/W_{1})\prime W_{2})\cong D_{F_{2}}^{(4,2,1)}$ ,




2.1 ([Klel, Kle2, Kle3, Kle4]). $p>0$
(1) $\mathbb{F}$p $\mathfrak{S}$n- $M$ Soc $({\rm Res}_{\mathbb{F}_{p}\mathfrak{S}_{n-1}}^{F_{p}\mathfrak{S}_{n}}M)$ multiplicity-free $(n\geq 1)$
(2) $\lambda$ regular $\mathbb{F}_{p}\mathfrak{S}_{n-1}$ -




Lascoux-Leclerc-Thibon [LLT] Kleshchev ( $p>0$ )
$[J_{v}(\mathfrak{g}(A_{p-1}^{(1)}))$ $B$ (Ao) Misra-Miwa [MM]
$U_{v}(\mathfrak{g}(A_{p-1}^{(1)}))$ $B$ (Ao)
$\mathcal{P}_{p}^{d}=^{ef_{n}}u_{\geq 0}\{\lambda\vdash n|\lambda\vdash nlh$ p-regular $\}$
$U_{v}(\mathfrak{g}(A_{p-1}^{(1)}))-$
$B(\Lambda_{0})\cong(\mathcal{P}_{p}, wt, \{\tilde{e}_{i}\}_{i\in I}, \{\tilde{f_{i}}\}_{i\in I}, \{\epsilon_{i}\}_{i\in I}, \{\varphi_{i}\}_{i\in I})$
, $\tilde{f_{i}}$ Kleshchev
i-cogood node Misra-Miwa $\tilde{f_{i}}$












. : $V\in lrr$ ( $A_{n}$-mod) $W\in 1rr$ ( $A_{n+1}$ -mod) dim Hom$A_{n}(V, {\rm Res}_{A_{n}}^{A_{n+1}}W)$
2.3 ([Klel, Kle2, Kle3, Kle4]). $p>0$
(1) $\mathbb{F}_{p}\mathfrak{S}_{n}-\ovalbox{\tt\small REJECT} OfflM$ Soc $({\rm Res}_{F_{p}\mathfrak{S}_{n- 1}}^{F_{p}\mathfrak{S}_{n}}M)$ multiplicity-free $(n\geq 1)$
(2) $B(\{\mathbb{F}_{p}\mathfrak{S}_{n}\}_{n\geq 0})$ $U_{v}(\mathfrak{g}(A_{p-1}^{(1)}))-$ $B$ (Ao) ( $I$-
$)$
$0$
(1) $\mathbb{Q}\mathfrak{S}_{n}$- $M$ ${\rm Res}_{\mathbb{Q}\mathfrak{S}_{n-1}}^{\mathbb{Q}\mathfrak{S}_{n}}M$ multiplicity-free $(n\geq 1)$
(2) $B(\{\mathbb{Q}\mathfrak{S}_{n}\}_{n\geq 0})$ Young $Y$ ( )
Kleshchev $p>0$
socle p-regular partition i-cogood node
Misra-Miwa $U_{v}(\mathfrak{g}(A_{p-1}^{(1)}))$ $B$ (Ao)
$p>0$
$A_{p-1}^{(1)}$ (Kac-Moody )
Drinfeld Lusztig A .
$\mathcal{H}_{n}$ $[$Dri, $Lus]$ Kleshchev A $\mathcal{H}_{n}^{\lambda}$
[Kle5]
2.4 ( $[Kle5$ , Theorem 9.5.1]). char $F=p>0$ $\lambda$ $A_{p-1}^{(1)}$ Cartan
$p$ $F$ $\mathcal{H}_{n}^{\lambda}$





(2) $L$ (Ao) $=\oplus_{\mu\in \mathfrak{h}}$ . $L($Ao $)_{\mu}$
34
Kleshchev [Kle5]
2008 Khovanov-Lauda,Rouquier “ ”
[KL, Rou] Kleshchev
[Kle6]
$3\lambda=$ Ao $\mathcal{H}_{n^{O}}^{\Lambda}\cong F\mathfrak{S}_{n}$ [Nak]
1940 Brauer Robinson $[$Bra, $Rob]_{\circ}$

















3.1 ([Ols]). $q\in F^{\cross}$ $\xi=q-q^{-1}$ $n\geq 0$ $n$
$\mathcal{H}C_{n}(q)$
: $\{T_{i}|1\leq i<n\}$ , $\{Ci |1\leq i\leq n\}$
: 1. $C_{i}^{2}=1,$ $C_{i}C_{j}+C_{j}Ci=0$ $(1\leq i\neq i\leq n)$ .
2. $T_{i}^{2}=\xi T_{i}+1,$ $T_{i}T_{j}=T_{j}T_{i}$ $(1\leq i,$ $j\leq n-1,$ $|i-j|\geq 2)$ .
3. $T_{k}T_{k+i}T_{k}=T_{k+1}T_{k}T_{k+1}$ $(1\leq k\leq n-2)$ .
4. $T_{i}C_{i}=C_{i+1}T_{i},$ $T_{i}C_{i+1}=C_{i}T_{i}-\xi(C_{i}-C_{i+1})$ $(1\leq i\leq n-1)$ .





$U_{v}(\mathfrak{g}(A_{p-1}^{(1)}))$ $B(\Lambda_{0})$ ( ) 24
{ $\mathbb{F}_{p}\mathfrak{S}_{n}$-mod} $\geq 0$ $\mathfrak{g}(A_{p-1}^{(1)})$- $L$ (Ao)
32 A . $e$ $A_{e-1}^{(1)}$





) $[Bru2]_{\text{ }}$ [Ari] (
)
$\mathbb{C}$ A . $U_{v}(\mathfrak{g}(A_{e-1}^{(1)}))$
$L$ (Ao) . Lusztig $5_{o}$
$\mathcal{H}_{n}^{1w}(q)$- $M$ n $\geq 0^{1}$ rr( $\mathcal{H}_{n}^{1w}(q)$ -mod) $\cong B(\Lambda_{0})$
$b$
$\dim M=\sum_{(i_{1},\cdots,i_{n})\in I^{n}}$
( $f_{i_{n}}\cdots f_{i_{1}}$ $G(b)$ ) $|$ v $=1$ .
$I=\{0,1, \cdots, e-1\}$ Cartan $A_{e-1}^{(1)}$
$D_{F_{2}}^{(6,5,4,2,1)}$ $q$- ” $\mathcal{H}_{18}^{1w}(-1)$
4229940 ( )










$\iota^{[_{m}}\wedge F\mathfrak{S}_{n}Schur- Wey1l$ spin salogue
$F\mathfrak{S}_{n}g_{C_{n}^{\sup\propto algebra}}^{affine\ rgaev}$
$arrow$ $Serg\infty v$ $\Vert$l&rgoev-Yamaguchi
charF $=prightarrow A_{\sim 1}^{(1)}$ $q_{m}\wedge F\mathfrak{S}_{n}^{-}\otimes C_{n}$
$q- analogue|_{\downarrow}J\dot{u}nboalgoftypeAaffineHecke$
charF $=2l+1rightarrow A_{\mathfrak{U}}^{(2)}$
$t_{riki}$$U_{v}() \mathcal{H}_{n}^{IW}(q)\subset\bigwedge_{\mathfrak{g}\mathfrak{l}_{m}- Koike}q-charF=2l+1A_{u^{2}}^{(}U_{v}(q_{m})\mathcal{H}C\underline{(q}O^{-}qana1ogue[\S ha\wedge?_{\iota\circ n\infty i}^{Hk- C1ifford}[Bmndan-\kappa_{\mathcal{H}_{n}(q}1\alpha hchev]\sup^{\infty}er_{J}\ ebra$
$q-charF=prightarrow A_{p-1}^{(1)}$
$\prime \mathbb{C}arrow$ LLTA $[Bmndan- Kl\alpha hchev|$
33 $p$ $A_{p-1}^{(2)}$
$F$ 2 $F\mathfrak{S}_{n}^{-}$
$\{T_{i}|1\leq i<n\}$ $(1 \leq i\neq j<n, 1\leq k<n-1)$
$T_{i}^{2}=1$ , $\text{ _{}i}T_{j}=-T\cdot T_{i}$ , $T_{k}T_{k+i}T_{k}=T_{k+1}T_{k}T_{k+1}$ . (3.1)
5 LLTA $[$LLT, $Ari]_{0}$ A . - $arrow$ $G(m, 1, n)(=def$
$(\mathbb{Z}/m\mathbb{Z})1\mathfrak{S}_{n})$ ( [AK] )
6 A . $\mathfrak{g}(A_{p-1}^{(1)})-\overline{\ddagger J}J$ $L(\Lambda_{0})j_{-}^{-}$ Berenstein-Kazhdan
perfect basis $[BeKa]$ A $v=1$
$v=1$ [Kle6]
42





( 7) Sergeev $\mathcal{Y}_{n}^{d}=^{ef}F\mathfrak{S}_{\overline{n}}\otimes C_{n}$
8 Sergeev $\mathfrak{g}\mathfrak{l}_{m}$ $\mathfrak{S}_{n}$ Schur-Weyl “
” queer t) $q_{m}$ $y_{n}$ [Serl] (Sergeev ) Brundan
Kleshchev $P$ $F$ $\{\mathcal{Y}_{n}\}_{n\geq 0}$
$A_{p-1}^{(2)}$ $B(\Lambda_{0})$ $\{\mathcal{Y}_{n}- smod \}_{n\geq 0}$ $\mathfrak{g}(A_{p-1}^{(2)})$- $L$ (Ao)
“ ” 9 [BKl]
$F\mathfrak{S}_{n}$ “ ” $F\mathfrak{S}_{\overline{n}}$




A . $q$- $\mathcal{H}C_{n}(q)$
$F\mathfrak{S}_{n}$ “ ” Sergeev $\mathcal{Y}_{n}$ $q$- ”
Olshanski (A $\mathcal{H}_{n}^{1w}(q)$ $U_{v}(\mathfrak{g}\downarrow_{m})$ )
$q$- [Ols] Olshanski “ ” $U_{v}(q_{m})$
$\mathcal{H}C_{n}(q)$ (Olshanski )
3.1 $F\mathfrak{S}_{n}^{-}$ (3.1) $T_{i}T_{j}=-T_{j}T_{i}$
$T_{i}T_{j}=T_{j}T_{i}$ Sergeev
[Ser2, Yam]
$\mathcal{Y}_{n}=F\mathfrak{S}_{n}^{-}\otimes C_{n}\cong F\mathfrak{S}_{n}\ltimes C_{n}$ . (3.2)





$7A,$ $B$ $a_{1},$ $a_{2}\in A,$ $b_{1},$ $b_{2}\in B$
$(a_{1}\otimes b_{1})(a_{2}\otimes b_{2})=(-1)^{|b_{1}||a|}2(a_{1}a_{2}\otimes b_{1}b_{2})$
$A\otimes B$ $A,$ $B$
$S$
$C_{n}$ $n$ $F\mathfrak{S}_{\overline{n}}$ $\mathcal{Y}_{n}$ $n$
$[$Kle5, BKl, BK2$]$









Young Jones-Nazarov $1$ [JN]
Sergeev Brundan-Kleshchev [BK2]
11 $\circ$
4.1 ([JN]). $q\in F^{\cross}$ $\xi=q-q^{-1}$ $n\geq 0$ $n$
$\mathcal{H}_{n}(q)$
: $\{X_{i}^{\pm 1}, T_{j}|1\leq i\leq n, 1\leq j<n\}$ , $\{Ci |1\leq i\leq n\}$
: 1. $X_{i}X_{i}^{-1}=X_{i}^{-1}X_{i}=1,$ $X_{i}X_{j}=X_{i}X_{j}$ $(1 \leq i,j\leq n)$ .
2. $C_{i}^{2}=1,$ $C_{i}C_{j}+C_{j}Ci=0$ $(1 \leq i\neq j\leq n)$ .
3. $T_{i}^{2}=\xi T_{i}+1,$ $T_{i}T_{j}=T_{j}T_{i}$ $(1 \leq i,j\leq n-1, |i-j|\geq 2)$ .
4. $T_{k}T_{k+1}T_{k}=T_{k+1}T_{k}T_{k+1}$ $(1 \leq k\leq n-2)$ .
5. $C_{i}X_{i}^{\pm 1}=X_{\dot{x}}^{\mp 1}$ $Ci$ , $C_{i}X_{j}^{\pm 1}=X_{j}^{\pm 1}$ $Ci$ $(1 \leq i\neq j\leq n)$ .
6. $1\leq i\leq n-1$
$T_{i}C_{i}=C_{i+i\tau_{i}}$ , $T_{i}C_{i+i}=C_{i}T_{i}-\xi(C_{i}-C_{i+1})$ ,






7. $T_{i}C_{j}=C_{j}T_{i},$ $T_{i}X_{j}^{\pm 1}=X_{j}^{\pm 1}T_{i}$ $(1\leq i\leq n-1,1\leq j\leq n,$ $j\neq i,$ $i+1)$ .
$[$Tsu$]$ $2l$ (
) $D_{l}^{(2)}$
42([Tsu]). $l\geq 2$ $F$ $q\in F^{\cross}$ 1 $4l$ $D_{l}^{(2)}$
Cartan $\lambda\in P^{+}$ $\mathcal{H}_{n}(q)$
$f_{\lambda}^{d}=^{ef}(X_{1}-1)^{\lambda(h_{1})}(X_{1}+1)^{\lambda(h_{l- 1})} \prod_{k=2}^{l-2}(X_{k}+X_{k}^{-1}-2\frac{q^{2k+1}+q^{-(2k+1)}}{q+q^{-1}})^{\lambda(h_{k})}$
$\mathcal{H}_{n}^{\lambda}(q)=\mathcal{H}_{n}(q)/\langle f_{\lambda}\rangle$ ( $\mathcal{H}_{n^{0}}^{\Lambda}(q)=\mathcal{H}C_{n}(q)$
) Rep $\mathcal{H}_{n}(q)$ ( $\subsetneq \mathcal{H}_{n}(q)$-smod)
$M\in$ Obj (Rep $\mathcal{H}_{n}(q)$ ) $\Leftrightarrow\exists\lambda\in P^{+},$ $f_{\lambda}M=0$




1. Grothendieck $K(\infty)^{d}=^{ef}\oplus_{n\geq 0}$ Ko (ReP $\mathcal{H}_{n}(q)$ )
$\mathfrak{g}(D_{l}^{(2)})$ Kostant
$U_{\mathbb{Z}}^{+}(\mathfrak{g}(D_{l}^{(.2)}))$
2. n $\geq 0^{1rr(}$ Rep $\mathcal{H}_{n}(q))$ $U_{v}(\mathfrak{g}(D_{l}^{(2)}))-$ $B(\infty)$






$L(\lambda)_{\mathbb{Z}}=U_{\mathbb{Z}}^{-}(\mathfrak{g}(D_{l}^{(2)}))1_{\lambda}$ $\oplus_{n\geq 0}K_{0}$ (Proj $\mathcal{H}_{n}^{\lambda}$ )
$\oplus_{n\geq 0}$ Ko ( $\mathcal{H}_{n}^{\lambda}$-smod) $K(\lambda)_{\mathbb{Q}}$ Shapovalov $\mathbb{Z}$-
4. $u_{n\geq 0}$ Irr( $\mathcal{H}_{n}^{\lambda}$-smod) $U_{v}(\mathfrak{g}(D_{l}^{(2)}))-$ $B(\lambda)$
$q$ 1 $2l+1$ 1 2 $(2l+1)$ 13
$D_{l}^{(2)}$ $A_{2l}^{(2)}$ 14 [BKl]




$A_{e-1}^{(1)}$ $I=\{0,1, \cdots, e-1\}\cong \mathbb{Z}/e\mathbb{Z}$ $i\mapsto-i$
involution $A$ $D_{n+1}^{(2)}$ $A$
$D_{n+1}^{(2)}$
$A_{n}^{(1)}$ $A_{2n}^{(2)}$
“ ” $15_{o}$ $D_{r\iota+1}^{(2)}$
“missing” ?
1 1 $U_{v}$ $(A_{n}^{(1)} )$ $U_{v}(A_{2n}^{(2)})$
$B(\Lambda_{0})$ $Y=u_{n\geq 0}\{\lambda\vdash n\}$
[MM, Kan] ( )
[Jam, Mor, MY]
1 $B$ (Ao) $Y$
“ ” $[KMN_{1}^{2}, KMN_{2}^{2}]$
Kang Young wall[Kan] $[KMN_{1}^{2}]$
[Kan] $B$ (Ao) $Y$
1 ( ) 16
12 $U_{\mathbb{Q}}(\mathfrak{g}(D_{l}^{(2)}))$ $\mathfrak{g}(D_{l}^{(2)})$ $U(\mathfrak{g}(D_{l}^{(2)}))$ $\mathbb{Q}$-
13 $2l+1$
14 $\mathcal{H}_{n}^{\lambda}(q)$
15 $2n+1$ Sergeev $\{\mathcal{Y}_{m}\}_{m\geq 0^{\text{ }}}$ $2n+1$
$\{\mathcal{H}C_{m}(q)\}_{m>0}$ $[BK1]_{0}$
$16G=(V, E)$ $V$ $E\subseteq V\cross V$ ( $(v, w)\in E$ $v$
$w$ ) $w\in V$ $G$ $u,$ $v\in V$ $u\neq v,$ $u\neq$
$w,$ $v\neq w,$ $(w, u)\in E,$ $(w, v)\in E$
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$\{\hat{\mathfrak{S}}_{n}\}_{n\geq 0}$ [Kes, KS, LS] [KS, $LS|$
$\{\hat{\mathfrak{S}}_{n}\}_{n\geq}0$ $\{\hat{\mathfrak{A}}_{n}\}_{n\geq 0}$ “crossover” [AS] “crossover”
$20_{o}$
171 Kirillov-Reshetikhin $[$KNO$]$ .








$q$- $[$Wan$]$ Wang $F\mathfrak{S}_{\overline{n}}$ (31) “
” $\mathcal{H}_{n}(q)$ Sergeev (3.2) $q$- $\mathcal{H}C_{n}(q)\cong \mathcal{H}_{\overline{n}}(q)\otimes C_{n}$ $(\mathcal{H}C_{n}(q)$ Sergeev
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